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We propose to use optical tweezers to probe the Casimir interaction between microspheres inside a
liquid medium for geometric aspect ratios far beyond the validity of the widely employed proximity
force approximation. This setup has the potential for revealing unprecedented features associated
to the non-trivial role of the spherical curvatures. For a proof of concept, we measure femtonewton
double layer forces between polystyrene microspheres at distances above 400 nm by employing very
soft optical tweezers, with stiffness of the order of fractions of a fN/nm. As a future application, we
propose to tune the Casimir interaction between a metallic and a polystyrene microsphere in saline
solution from attraction to repulsion by varying the salt concentration. With those materials, the
screened Casimir interaction may have a larger magnitude than the unscreened one. This line of
investigation has the potential for bringing together different fields including classical and quantum
optics, statistical physics and colloid science, while paving the way for novel quantitative applications
of optical tweezers in cell and molecular biology.
The last two decades have witnessed a remarkable
progress in the understanding of the Casimir interaction
[1] between material surfaces. On the theoretical front,
the scattering approach now allows one to derive exact
results for different materials and geometries, either in
[2–5] or out of thermal equilibrium [6], by capturing the
electromagnetic reverberation of the vacuum or thermal
fluctuations between the interacting surfaces [7]. When
the surface geometry corresponds to some simple symme-
try, the scattering operators can be expanded in a suit-
able basis and lead to explicit numerical results in a rel-
atively simple way. Examples include parallel planes [7],
two spheres [3, 8, 9], parallel planar diffraction gratings
[10–14] and a spherical surface interacting either with a
plane [15–18] or a planar grating [19]. More numerically-
oriented approaches, based on finite-difference methods,
allow to derive results for even more general geometries
[20], at the cost of computational time. Such theoreti-
cal developments were strongly motivated by a number
of precise Casimir force measurements, in the distance
range from hundreds of nanometers to a few microme-
ters [21–32].
Since it is extremely hard to control the parallelism
of two macroscopic planar surfaces at sub-micrometer
distances, most modern experiments employ the plane-
sphere geometry. The sphere radius R is always much
larger than the distance of closest approach L. Typically
the geometric aspect ratio is chosen to be R/L ∼ 103 or
larger in order to have a large effective interaction area
∗pamn@if.ufrj.br
∼ RL, thereby raising the Casimir force to values > 102
pN. Experimental techniques include the use of torsion
pendulum apparatus [21, 22], micro-machined oscillators
[23–25] and atomic force microscopes (AFM), with the
microsphere attached to the tip of the cantilever, oper-
ating either in vacuum [26–29], in air [30] or in a liquid
environment [31, 32]. AFM has also been used to probe
the total surface force, that includes a Casimir contribu-
tion, between spherical colloids in an aqueous medium
[33, 34].
Although the scattering approach allows, in principle,
the evaluation of the Casimir force in the plane-sphere ge-
ometry by combining the spherical multipole and plane
wave basis [16], explicit results are still not available for
the large aspect ratios R/L found in the experimental
conditions, since the multipole order required for numer-
ical convergence scales as R/L. Comparison between the-
ory and experiment is thus entirely based on the Der-
jaguin or Proximity Force Approximation (PFA) [35], in
which the sphere curvature plays a trivial role. Within
PFA, the Casimir force is calculated from the result for
parallel planes by a simple average over the local dis-
tances and diffraction is not taken into account. Al-
though this approach is expected to provide accurate
results for very large aspect ratios, as indicated exper-
imentally in [25], the magnitude of the leading-order cor-
rection to PFA for real experimental conditions is still un-
known to this date, in spite of some recent advances [36–
38].
Here we present an experimental proposal to measure
the Casimir interaction between microspheres at mod-
erate aspect ratios, R/L < 5, which is within reach of
the scattering approach based on the multipole expan-
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2sion and well beyond the range of validity of PFA. In this
regime, the Casimir interaction results from the Mie scat-
tering of vacuum and thermal field fluctuations between
the spheres, with the spherical curvatures fully taken into
account. For such geometries, the Casimir force is nec-
essarily much weaker than the typical values probed in
the PFA regime. Therefore, a very sensitive force probe
is required.
Optical tweezers [39, 40] allow for fN force measure-
ments. Examples include the force exerted by a single
DNA molecule [41] and surface forces in colloids [42].
One possibility is to use the optical trap only to control
the initial position and measure the interaction potential
between colloidal spheres from the statistical properties
of the trajectories with the trapping laser beam switched
off [42, 43]. However, optical tweezers are more often em-
ployed as true force transducers. In this case, the force
sensitivity benefits from the possibility of tuning the trap
stiffness to very low values, which can be achieved by re-
ducing the trapping laser beam power. This is in sharp
contrast with the AFM technique, where the cantilever
stiffness is of course fixed for a given setup.
An important application of optical tweezers is to mea-
sure the electrostatic double layer force between a micro-
sphere and the plane coverslip surface at the bottom of
the sample, along the direction parallel to the trapping
beam [44–46], as illustrated on the right side of fig. 1.
In this setup, the trap stiffness varies with the sphere-
surface distance, mainly because the spherical aberration
introduced by refraction at the glass-sample interface de-
pends strongly on the focal height [47, 48]. Moreover, op-
tical reverberation of the trapping beam is favored as the
distance is reduced to the small values typically probed
experimentally [46]. Thus, it is extremely hard to disen-
tangle the desired signal from the trap perturbations as
the microsphere approaches the coverslip surface.
Here we propose to measure the interaction force be-
tween two microspheres along a direction transverse to
the trapping beam z−axis, as shown in fig. 1. In this
configuration, interface spherical aberration remains con-
stant as the distance between the two microspheres is
reduced. Moreover, the trapping beam reverberation is
negligible as long as the trapped sphere diameter is larger
than the laser spot size, which is of the order of the laser
wavelength for our diffraction limited spot. Thus, the
force measurement can rely on a trap stiffness calibra-
tion for an isolated microsphere (see [40, 49] and refer-
ences therein) since the optical trap potential remains
unchanged as we approach the second sphere along the
transverse direction.
Our two microspheres have different radii: microsphere
A, of radius RA, is optically trapped at a height equal to
the radius RB > RA of microsphere B. The latter sits
on the coverslip at the bottom of our sample, and its
lateral position is controlled by a nano-positioning stage,
as discussed in more detail below. As we approach the
larger sphere, the trapped sphere is displaced laterally
from its equilibrium position and the force is obtained
from the measurement of the lateral displacement once
the trap stiffness is known. We calibrate the transverse
trap stiffness by the Stokes-Faxe´n method [48] and find
k = 0.26± 0.02 fN/nm. Such an ultra-soft trap allows us
to measure fN forces from lateral displacements of a few
nm, within reach of our spatial resolution. Double-layer
forces in the pN range have been measured in a similar
setup, with a stiffness of 85 fN/nm, by holding one of the
beads with the help of a micropipette [50].
In order to demonstrate the feasibility of our pro-
posal, we measure the double-layer force between two
polystyrene beads in ultrapure water, at long distances
well beyond the validity of PFA. As discussed in detail
below, our sample is sufficiently clean so as to lead to
very large Debye screening lengths, thus resulting in fN
forces at distances above 400 nm. The experimental setup
is sketched in fig. 2. A linearly polarized collimated laser
beam (IPG photonics, model YLR-5-1064LP) with wave-
length λ0 = 1064 nm and waist w0 = (2.84 ± 0.02) mm
propagates through a half-wave plate (HWP) and a po-
larizing beam splitter (PBS), enabling us to control the
transmitted beam power P ∼ 80 mW. After crossing an
absorptive neutral density filter (ND, Thorlabs NE13A
D-1.3), the attenuated beam (P ∼ 4 mW) is divided by a
50:50 beam splitter. The reflected beam allows for real-
time power monitoring with the help of an optical power
meter. The transmitted beam is reflected by a dichroic
mirror and focused into our sample after crossing the oil-
immersion objective lens (Nikon PLAN Fluor, 100x, NA
1.3,∞/0.17, WD=0.20, type A n = 1.515 immersion oil)
of a Nikon TI-U inverted microscope. The beam power
at the objective entrance is P ∼ 1 mW. Our sample is
attached to a piezoelectric nano-positioning stage (Digi-
tal Piezo Controller E-710, Physik Instrumente). Finally,
the incoherent condenser light scattered from the sample
is collected by the objective lens, transmitted through
the dichroic mirror, collected again by a lens L and cap-
tured by a CMOS camera (Hamamatsu Orca R©-Flash2.8
C11440-10C) for data analysis.
Our sample consists of a colloidal dispersion contained
between glass coverslip surfaces (Knittel, Germany) as
shown in the inset of fig. 2. The surfaces are cleansed
by immersion in a sulfonitric mixed acid solution (ni-
trating acid mixture) for one hour, then rinsed 30 times
with Milli-Q water, and finally stored in absolute ethanol.
Prior to the experiments, the coverslips are dried in-
side a biosafety cabinet to avoid contamination, and
then assembled one on top of the other using an in-
dustrial adhesive (ELASTOSIL c©E43 Wacker) to build
the confining cell depicted in the inset of fig. 2. The
uncoated polystyrene beads (Polysciences, Inc.) used
in the experiment have radii RA = (1.503± 0.006)µm
and RB = (7.18± 0.09)µm, as measured by electron mi-
croscopy, where the uncertainties are the standard errors.
These microspheres are diluted in Milli-Q water, and the
prepared solution is injected into the sample, which is
then sealed with the industrial adhesive.
A crucial experimental issue is the alignment between
3Coverslip
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tral density filter (Thorlabs NE13A D-1.3). The atten-
uated beam (average power P ⇠ 4mW) passes through
a %50:50 beam splitter, which allows real-time transmit-
ted power monitoring by measuring the reflected beam
by an optical power meter (NewPort 1936C and Newport
918D-UV-OD3R). After that, the output beam reflects in
a dichroic mirror (Chroma Technology) and impinges in
the objective lens (Nikon PLAN Fluor, 100x, NA 1.3,
1/0.17, WD=0.20) of a Nikon TI-U oil-immersion in-
verted microscope (Nikon, Melville, NY), which focalised
it over the prepared sample attached to a piezoelectric
nanopositioning stage (Digital Piezo Controller E-710,
Physik Instrumente (PI)). The immersion microscopy
immersion oil used was Nikon type A n = 1.515, and
the average beam power in the objective entrance is
nearly P ⇠ 1mW. Finally, the sample scattered in-
coherent light from the condenser is then transmitted
through the dichroic mirror, collected by a lens and cap-
tured by CMOS camera (Hamamatsu Orca R -Flash2.8
C11440-10C) for CPU analysis. The whole apparatus
was mounted over a stabilised optical table and the ex-
periment was performed in room temperature.
The glass cover slip (Knittel, Germany) surfaces used
in the fluid confined cell sample are cleaned using the
standard procedures techniques, i.e. they are firstly im-
mersed in sulfonitric mixed acid solution (Nitrating acid
mixture) for one hour, then rinsed 30 times with Milli-
Q water, and finally stored in absolute ethanol (Merck).
Prior to the experiments, the cover slips are dried inside
a biosafety cabinet to avoid contamination, and then are
assembled one over the other to built the confined cell
using an industrial adhesive (ELASTOSIL E43 Wacker)
(Fig.2, inset (a)). The 2.6% Latex uncoated polystyrene
beads (Polysciences, Inc.) used in the experiment have its
radius measured by electronic microscopy and are given
by R1 = (1.50± 0.03)µm and R2 = (7.18± 0.09)µm,
where the errors are standard ones. These microspheres
are diluted in Milli Q water, and the prepared solution is
injected inside the sample, which is then sealed with the
industrial adhesive.
A crucial experimental issue is the alignment between
the two spheres, which would introduce systematic error
if it was not properly done. The alignment in XY plane
is achieved by simply aligning the spheres’ centres. How-
ever, the axial Z alignment is more challenged and was
perform by combining the defocalization theory [? ? ],
with a procedure described discussed in [? ]. In fact,
firstly  h x y z
- Defocalization theory: phase object,.... - Using con-
trast....center to the focal plane.... Alinhamento em z!
*****Height and trap sti↵ness calibrations
Prior to force measurements, one must perform height
and trap sti↵ness calibrations as usual [32, 33]. DE-
FOCALIZATION!!!! For height calibration, defocaliza-
tion theory has been applied [34, 35]: R1 radius bead
cover slip attached is scanned by the focal objective plan
and the contrast C = I0Ib   1, where I0 and Ib are the
.....respectively [34, 35] is calculated. ..... height calibra-
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plotted the ratio #perf of this force to its value at zero
temperature:
F perf(L, T ) ⌘  @F
perf
@L
, #perf ⌘ F
perf(L, T )
F perf(L, 0)
. (2)
*****Experimental Setup ****(Nathan)
The setup is sketched in Fig.2. A linear polarized colli-
mated laser beam (IPG photonics, model YLR-5-1064LP,
 0 = 1064nm, waist w0 = 4.2mm) passes through a half
wave plate (HWP) and a polarized beam splitter (PBS).
Rotating this plate enable us to control and prepare the
transmitted beam ( average P ⇠) which is then reflected
by the mirrors M and is strongly attenuated by a neutral
filter (Newport.....). After this process, the attenuated
beam (average P ⇠) passes through a %50:50 beam split-
ter, which allows real-time transmitted power monitor-
ing during the experiment by following the optical meter
(Newport ????) and optical detector (Newport 918D-
UV-OD3R) reflected beam analysis. The output beam
reflects in a dichroic mirror (80% reflectivity????) and
impinges in the objective lens (???Nikon PLAN APO,
NA 1.4(???), 100X, aperture radius R0 = ? ± ? mm
and focal distance f = ? cm) of a Nikon Eclipse TE300
oil-immersion inverted microscope (Nikon, Melville, NY),
which focalised it over the prepared sample, which is at-
tached to a piezoelectric nanopositioning stage PI (Dig-
ital Piezo Controller E-710, Physik Instrumente (PI)).
The lens.........Finally, the sample scattered incoherent
light from the condenser is then transmitted through the
dichroic mirror, and is focalised by a collected lens in
a CMOS camera (Hamamatsu Orca R -Flash2.8 C11440-
10C) for analysis.
sample preparation....
*********methods *******
Height calibration and force calibration Brownian....
Prior to the force measurements....height and force
tweezer calibrations must be done....(i) Height curve (i)
Brownian fluctuationsIV) Brownian Fluctuations: power
spectrum article, harvard article; Desfocalization method
and height calibration curve; Spectrum V) Desfocaliza-
tion: U Agero e Oscar Mesquita work; Nussenzveig re-
view!!!
*********Experimental curve and conditions......
speed? exposure time? Stopping or not? one single run?
Initial distance?????
********Discussion**********
agreement between theory and experiment?
Discussions Double Layer!!! II) Theoretical Model:
Astrid e Paulo, Gert-Ingold, LIfshitz etc Double Layer
(Butt, Israelachvili, Bell and Levigne, Carnie, Carnie);
Stokes force estimation.....two regimes...velocity... dou-
ble layer (LSA)(?) Cover slip......far away....7.5um
********Conclusions and perspectives**********
other experiments?
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FIG. 2. (Color online)Experimental sketch. BS: beam split-
ter; BD: beam dump; C: beam collimator; CD: condenser;
CMOS: complementary metal-oxide semiconductor camera;
CPU: central processing unit; DM: picric mirror; F: single-
mode, polarization-maintaining optical fiber; HWP: half wave
plate L: lens; M: mirror; ND: Neutral density filter; OL: ob-
jective lens; PBS: polarized beam splitter; PM: power meter;
XYZ stage: piezoelectric translational stage. Inset: one bead
is attached to the coverslip and the other is optically trapped
far away. When the piezoelectric stage moves, the spheres
approach each other and the trapped one experiments an at-
tractive Casimir force which is counterbalanced by the optical
force.
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tral density filter (Thorlabs NE13A D-1.3). The atten-
uated beam (average power P ⇠ 4mW) passes through
a %50:50 beam splitter, which allows real-time transmit-
ted power monitoring by measuring the reflected beam
by an optical power meter (NewPort 1936C and Newport
918D-UV-OD3R). After that, the output beam reflects in
a dichroic mirror (Chroma Technology) and impinges in
the objective lens (Nikon PLAN Fluor, 100x, NA 1.3,
1/0.17, WD=0.20) of a Nikon TI-U oil-immersion in-
verted microscope (Nikon, Melville, NY), which focalised
it over the prepared sample attached to a piezoelectric
nanopositioning stage (Digital Piezo Controller E-710,
Physik Instrumente (PI)). The immersion microscopy
immersion oil used was Nikon type A n = 1.515, and
the average beam power in the objective entrance is
nearly P ⇠ 1mW. Finally, the sample scattered in-
coherent light from the condenser is then transmitted
through the dichroic mirror, collected by a lens and cap-
tured by CMOS camera (Hamamatsu Orca R -Flash2.8
C11440-10C) for CPU analysis. The whole apparatus
was mounted over a stabilised optical table and the ex-
periment was performed in room temperature.
The glass cover slip (Knittel, Germany) surfaces used
in the fluid confined cell sample are cleaned using the
standard procedures techniques, i.e. they are firstly im-
mersed in sulfonitric mixed acid solution (Nitrating acid
mixture) for one hour, then rinsed 30 times with Milli-
Q water, and finally stored in absolute ethanol (Merck).
Prior to the experiments, the cover slips are dried inside
a biosafety cabinet to avoid contamination, and then are
assembled one over the other to built the confined cell
using an industrial adhesive (ELASTOSIL E43 Wacker)
(FIGURA?). The 2.6% Latex uncoated polystyrene
beads (Polysciences, Inc.) used in the experiment have
its radius measured by electronic microscopy and are
given by R1 = (1.50± 0.03)µm and R2 = (7.2± 0.1)µm,
where the errors are standard ones. These microspheres
are diluted in Milli Q water, and the prepared solution is
injected inside the sample, which is then sealed with the
industrial adhesive.
An important experiment l issue which could intro-
duce systematic errors is theory-experiment comparison
is the alignment between the two interacting spheres. Be-
ing an easy procedure on the XY plane perpendicular to
the cover slip, achieved by simply aligning both spheres’
centers, it is a challenge in the Z axis propag tion Z di-
rection. As as result, to achieved it, we have combined
the defocusing theory [? ? ] with a procedure discussed
in [? ]. In fact,  h
- Defocalization theory: phase object,.... - Using con-
trast....center to the focal plane.... Alinhamento em z!
*****Height and trap sti↵ness calibrations
Prior to force measurements, one must perform height
and trap sti↵ness calibrations as usual [32, 33]. DE-
FOCALIZATION!!!! For height calibration, defocaliza-
tion theory has been applied [34, 35]: R1 radius bead
cover slip attached is scanned by the focal objective plan
and the contrast C = I0Ib   1, where I0 and Ib are the
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FIG. 2. (Color online)Experimental sketch. BS: beam split-
ter; BD: beam dump; C: beam collimator; CD: condenser;
CMOS: complementary metal-oxide semiconductor camera;
CPU: central processing unit; DM: picric mirror; F: single-
mode, polarization-maintaining optical fiber; HWP: half wave
plate L: lens; M: mirror; ND: neutral density filter; OL: ob-
jective lens; OM: optical power meter; PBS: polarized beam
splitter; XYZ stage: piezoelectric translational stage. Inset:
one bead is attached to the coverslip and the other is opti-
cally trapped far away. When the piezoelectric stage moves,
the spheres approach each other and the trapped one exper-
iments an attractive Casimir force which is counterbalanced
by the optical force.
.....respectively [34, 35] is calculated. ..... height calibra-
tion *****Trap sti↵ness calibration has been achieved
by adjusting the spectral density obtain... Brown-
ian fluctuations [32, 36, 37] camera bandwidth....corner
frequency..... spectral density Mandel Wolf...... Fig-
ure???????
*********Experimental curve and conditions......
speed? exposure time? Stoppin or not? one single
run? Initial distance????? Inset....how do the measure-
ments are perform?
********Discussion********** agreement between
theory and experiment? Discussions Double Layer!!! II)
Theoretical Model: Astrid e Paulo, G rt-Ingold, LIf-
shitz etc Double Layer (Butt, Israelachvili, Bell and
Levigne, Carnie, Carnie); Stokes force estimation.....two
regimes...velocity... double layer (LSA)(?) Cover
slip......far away....7.5um....Stokes drag force.....
********Conclusions and perspectives**********
other experiments?
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FIG. 2. (Color online)Experimental sketch. BS: beam split-
ter; BD: beam dump; C: beam collimator; CD: condenser;
CMOS: complementary metal-oxide semiconductor camera;
DM: picric mirror; F: single-mode, polarization-maintaining
optical fiber; HWP: half wave plate L: lens; M: mirror; ND:
neutral density filter; OL: objective lens; OM: optical power
meter; PBS: polarized beam splitter; XYZ stage: piezoelec-
tric translational stage. Inset (a): sample cell; Inset (b): Axial
misalignment between the spheres
tion *****Trap sti↵ness calibration has been achieved
by adjusting the spectral density obtain... Brown-
ian fluctuations [32, 36, 37] camera bandwidth....corner
frequency..... spectral density Mandel Wolf...... Fig-
ure???????
*********Experimental curve nd conditi ns......
speed? exposure time? Stopping or not? one ing e
run? Initial distance????? Inset....how do the measure-
ments are perform?
********Discussion********** agreement between
theory and experiment? Discussions Double Layer!!! II)
Theoretical Model: Astrid e Paulo, Gert-Ingold, LIf-
shitz etc Double Layer (Butt, I raelachvili, Bell and
Levigne, Carnie, Carnie); Stokes force estim tion.....two
regimes...velocity... double layer (LSA)(?) Cover
slip......far away....7.5um....Stokes drag force.....
********Conclusions and perspectives**********
other experiments?
ACKNOWLEDGMENTS
D.S. Ether acknowledge Brazilian agencies CNPq,
CAPES and FAPERJ (PNPD project) for financial sup-
port.
푧
퐵 퐴 Δh
FIG. 1: (Color online) Scheme for measuring the Casimir
force: as microsphere B approaches the laser beam axis, the
optically trapped microsphere A is displac d laterally. The
initial misalignment ∆h is measured by defocusing microscopy
and then corrected by displacing the microscope stage.
the two sphere centers. The alignment on the xy−plane
is easily achieved by using the information from the
recorded images as an input for driving the piezo nano-
positioning stage. The alignment along the z−axis, how-
ever, is more challenging, since it requires to control the
axial position of the trapped bead A. We combine defo-
cusing microscopy [51] and the axial positioning proce-
dure described in [52]. Our method is based on measuring
the contrast CA(B) = IA(B)/Iback − 1, where IA(B) and
Iback are the intensities at the center of sphere A (B) im-
age and at the background, respectively. The large bead
B can be modeled as a phase object, for which CB = 0
exactly when the object plane (conjugate of the image
plane at the CMOS camera) coincides with its equator
plane, thus defining the reference for the measurement of
the trapped bead axial position ∆h, as shown in fig. 1.
Since bead A is too small to be modeled as a phase
object, we need to calibrate its contrast as function of its
position with respect to the object plane. In order to con-
trol the position, we turn off the trap, attach bead A to
the coverslip (not shown), and record its contrast as the
stage is displaced vertically. We can identify the stage po-
sition for which the object and coverslip planes coincide.
Once we know this reference, we can use the calibrated
contrast function CA to determine the axial equilibrium
position ∆h from the measured contrast value when bead
A is optically trapped.
Alternatively, we can also measure the contrast of the
trapped bead as we displace the stage upward. In this
case, the contrast is initially constant, because the trap
equilibrium position is fixed with respect to the object
plane. However, once the coverslip starts to push the
bead out of the trap, the measured contrast starts to fol-
low the calibrated function CA, thus defining again a ref-
erence plane. The values for ∆h resulting from the two
alternative procedures coincide: ∆h = (0.4± 0.2)µm.
Finally, we compensate for the initial misalignment by
displacing the stage vertically. We test our result by
measuring the center-to-center distance when the sphere
surfaces touch: from video microscopy we find RA +
RB = (8.72 ± 0.04)µm, in agreement with the result
(8.68 ± 0.09)µm found by adding the values measured
with electron microscopy.
Once the microspheres are aligned, we set the micro-
scope stage into motion along the x−direction with ve-
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plotted the ratio #perf of this force to its value at zero
temperature:
F perf(L, T ) ⌘  @F
perf
@L
, #perf ⌘ F
perf(L, T )
F perf(L, 0)
. (2)
*****Experimental Setup ****(Nathan)
The setup is sketched in Fig.2. A linear polarized colli-
ated laser beam (IPG photonics, model YLR-5-1064LP,
 0 = 1064nm, waist w0 = 4.2mm) passes through a half
wave plate (HWP) and a polarized beam splitter (PBS).
Rotating this plate enable us to control and prepare the
transmitted beam ( average P ⇠) which is then reflected
by the mirrors M and is strongly attenuated by a neutral
filter (Newport.....). After this process, the attenuated
beam (average P ⇠) passes through a %50:50 beam split-
ter, which allows real-time transmitted power monitor-
ing during the experiment by following the optical meter
(Newport ????) and optical detector (Newport 918D-
UV-OD3R) reflected beam analysis. The output beam
reflects in a dichroic mirror (80% reflectivity????) and
impinges in the objective lens (???Nikon PLAN APO,
NA 1.4(???), 100X, aperture radius R0 = ? ± ? mm
and focal distance f = ? cm) of a Nikon Eclipse TE300
oil-immersion inverted microscope (Nikon, Melville, NY),
which focalised it over the prepared sample, which is at-
tached to a piezoelectric nanopositioning stage PI (Dig-
ital Piezo Controller E-710, Physik Instrumente (PI)).
The lens.........Finally, the sample scattered incoherent
light from the condenser is then transmitted through the
dichroic mirror, and is focalised by a collected lens in
a CMOS camera (Hamamatsu Orca R -Flash2.8 C11440-
10C) for analysis.
sample preparation....
*********methods *******
Height calibration and force calibration Brownian....
Prior to the force measurements....height and force
tweezer calibrations must be done....(i) Height curve (i)
Brownian fluctuationsIV) Brownian Fluctuations: power
spectrum article, harvard article; Desfocalization method
and height calibration curve; Spectrum V) Desfocaliza-
tion: U Agero e Oscar Mesquita work; Nussenzveig re-
view!!!
*********Experimental curve and conditions......
speed? exposure time? Stopping or not? one single run?
Initial distance?????
********Discussion**********
agreement between theory and experiment?
Discussions Double Layer!!! II) Theoretical Model:
Astrid e Paulo, Gert-Ingold, LIfshitz etc Double Layer
(Butt, Israelachvili, Bell and Levigne, Carnie, Carnie);
Stokes force estimation.....two regimes...velocity... dou-
ble layer (LSA)(?) Cover slip......far away....7.5um
********Conclusions and perspectives**********
other experiments?
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FIG. 2. (Color online)Experimental sketch. BS: beam split-
ter; BD: beam dump; C: beam collimator; CD: condenser;
CMOS: complementary metal-oxide semiconductor camera;
CPU: central processing unit; DM: picric mirror; F: single-
mode, polarization-maintaining optical fiber; HWP: half wave
plate L: lens; M: mirror; ND: Neutral density filter; OL: ob-
jective lens; PBS: polarized beam splitter; PM: power meter;
XYZ stage: piezoelectric translational stage. Inset: one bead
is attached to the coverslip and the other is optically trapped
far away. When the piezoelectric stage moves, the spheres
approach each other and the trapped one experiments an at-
tractive Casimir force which is counterbalanced by the optical
force.
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locity v = 15 nm/s and record images of sphere A with
a repetition rate of 667 frames/s during ∼ 3 min. From
those images, we compute t lateral d placement x(t)
of the sphere from its unperturbed equilibrium positi n,
as defined by the beam axis, as function of time t. We
repeat this procedure 20 times.
There are three different regimes for each experimen-
tal run: (i) When sphere B is sufficiently f r, sphere
A undergoes Brownian fluctuations around the equilib-
rium position close to the beam axis. The downside of
having a very low trap stiffness k is the enhancement
of Brownian fluctuations, whose lower bound is given
by the thermal equilibrium value at room temperature
xrms =
√
kBT/k ∼ 0.13µm. Thus, we expect the equi-
librium regime to be limited to distances larger than
xrms. (ii) At some critical distance
>∼ xrms, the combined
stochastic and attractive forces overcome the trapping
force and bead A escapes from the trap, and (iii) finally
gets attached to sphere B.
Fig. 3a shows the position x(t) for a single run, with
the sphere B approaching the beam axis as time t in-
creases. We zoom in for a detailed analysis of the re-
gion where the two spheres get close to each other, cor-
responding to the final part of the run. In the figure, we
can identify the three separate regimes discussed above:
initially, the trapped bead A undergoes Brownian fluctu-
ations around its displaced equilibrium position. For in-
termediate times, indicated by the dotted ellipse in fig. 3a
and corresponding to distances close to 400 nm, bead A
is escaping from the trap and moving towards bead B.
Finally, the third region shown in the rightmost part of
the figure corresponds to the situation where bead A is
already attached to bead B and simply follows the mi-
croscope stage motion.
In order to understand the escape from the trap in
a more quantitative way, we plot in the upper inset of
fig. 3a the total potential energy of the trapped bead A :
4U = Uopt + UDL + UCas, where Uopt, UDL and UCas are
the optical trap, double layer and Casimir potentials, re-
spectively (see below for details). As the distance L→ 0,
the attractive Casimir interaction dominates, so that U
develops a potential barrier whose height is very sensi-
tive to the distance d between sphere B and the beam
axis (see lower inset in fig. 3a). The solid line corre-
sponds to the shortest distance, d = 0.35µm + RA; the
dotted line to d = 0.4µm + RA; and the dashed line to
d = 0.5µm + RA. The barrier height decreases very fast
as bead B approaches the beam axis and becomes of the
order of the thermal energy kBT for d − RA < 0.4µm,
leading to a thermal diffusion above the barrier in this
distance range. This is in agreement with our exper-
imental observation that bead A escapes from the trap
by moving a distance ∼ 0.4µm towards bead B, as shown
in the region highlighted by an ellipse in fig. 3a.
The fact that the bead escapes from the trap limits our
force measurement by the equilibrium position method
to distances larger than 0.4µm. Within this method, our
signal is the displacement of the equilibrium position,
which is also visible in the potentials shown in the inset
of fig. 3a. The unperturbed equilibrium position is at
L = d − RA, corresponding to the sphere A centered at
a position on the beam axis, and indicated by a vertical
line for each of the three values of d considered in fig. 3a.
With respect to this position, the new equilibrium po-
sition is displaced to the right by an increasing amount
as d decreases, due to the repulsive nature of the double
layer interaction.
As discussed below, the Casimir force between our
polystyrene spheres in water is too weak to be measurable
in the distance range probed experimentally. Our signal
is then dominated by the double-layer force FDL, which
is obtained by subtracting the Casimir force from the ex-
perimental data: FDL = Fexp − FCas, with Fexp = kx.
The net force Fexp is repulsive, so that the average bead
displacement x is positive. We smooth our raw data set,
representing an average over 20 runs and shown as an
inset of fig. 3b, by the locally weighted least square er-
ror method, which reduces the contribution from out-
liers associated to rare large fluctuations. We estimate
our experimental uncertainty from the standard error of
the mean δx and the stiffness uncertainty δk: δFDL =
δFexp = Fexp
√
(δk/k)2 + (δx/x)2 = 0.7 fN when taking
the shortest distance in our data set. In fig. 3b, we plot
the resulting double-layer force versus distance together
with different theoretical models. All of them correspond
to the linear Debye-Hu¨ckel approximation of the Poisson-
Boltzmann equation [53], valid when the electrostatic en-
ergy per ion is much smaller than kBT. We also assume
the charge densities on the polystyrene surfaces to be uni-
form, independent of distance and the same for both mi-
crospheres. Both approximations are valid for the large
distances probed in our experiment [54] and are consis-
tent with our experimental results [55].
We use the linear superposition approximation (LSA)
[56] to fit the experimental data in the range 0.6µm ≤
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FIG. 3: (Color online) Experimental data for the interaction
force between two polystyrene beads in water. (a) Transverse
position x versus time corresponding to the final part of a
single run, with x = 0 representing the unperturbed equilib-
rium position at the intersection with the beam axis. The
bead escapes from the trap in the region indicated by a dot-
ted ellipse. Upper inset: potential variation (in units of kBT )
with the surface-surface distance L, for different transverse
distances d between the beam axis and the sphere B surface.
Solid: d − RA = 0.35µm; dotted: d − RA = 0.4µm; and
dashed: d−RA = 0.5µm. The vertical lines indicate the un-
perturbed equilibrium positions at L = 0.35µm, 0.4µm and
0.5µm from left to right. Lower inset: definitions of L and
d (not drawn to scale). (b) Double-layer force variation with
L. Dots: experimental data; solid: LSA fit (see text); long
dash: exact solution of the linear Poisson-Boltzmann equa-
tion; short dash: PFA theory for the double layer force. For
clarity not all error bars are represented. Inset: raw data for
the total force, obtained from the average over 20 runs. Full
line: result after smoothing (see text).
L ≤ 1.0µm and find λD = (418 ± 7) nm for the De-
bye screening length, compatible with the interval ex-
pected for a sample of ultrapure water [53], and σ =
(1.88 ± 0.04)µC/m2 for the surface charge density. The
solid line in fig. 3b represents the resulting LSA force vari-
ation. LSA provides an accurate description for distances
larger than the screening length, so that the double layer
around each sphere is approximately unaffected by the
presence of the other one. Deviations from LSA are ex-
pected as the distance decreases, which is suggested by
5fig. 3b. The long-dashed line represents the exact solu-
tion of the linear Poisson-Boltzmann equation [54] taking
the boundary conditions corresponding to our two micro-
spheres into account [57], and using the parameters found
from the LSA fit. Comparison with our experimental
data confirms that our exact solution captures the effect
of deviation from LSA, although our experimental preci-
sion is not sufficient to resolve the difference in a more
definite way.
Fig. 3b also shows that the PFA (short dash), again
calculated with the parameters from the LSA fit, grossly
overestimates the double-layer force for the parameters
corresponding to our experiment. This is expected, since
the PFA is particularly poor when describing long range
interactions and thus requires Debye screening lengths
much shorter than both radii, a condition not met in our
experiment.
Our sensitivity at the fN level opens the way for fu-
ture Casimir force measurements at long distances, which
would also be well beyond the scope of PFA. We have
derived theoretical results for different materials, in or-
der to understand which Casimir experiments would be
feasible with our current setup. For that purpose, we
use the scattering approach for the geometry correspond-
ing to two spheres [3, 8, 9]. At finite temperature, the
Casimir force is given by a sum over the Matsubara fre-
quencies ξn ≡ 2pinkBT/~, n ≥ 0 [2]. We discuss two
limiting cases: for large Debye lengths, L λD, we can
neglect all screening effects and then perform the Mat-
subara summation as if there were no ions in solution.
In the opposite limit, λD  L, the zero-frequency con-
tribution is completely screened by the ionic charge dis-
tribution in the intervening liquid and can, therefore, be
neglected in the derivation of the Casimir force [58].
We first discuss the case of the experiment reported
above, with two polystyrene microspheres in water. The
dielectric functions of polystyrene Ps and water w, to be
evaluated at the imaginary frequencies iξn, are described
by Lorentz models. We take the parameters given by [59]
and, for water, modify the dielectric function in order to
account for the correct zero frequency value w(0) = 78.7.
In fig. 4, we plot the magnitude of the attractive
Casimir force versus distance, at room temperature T =
293 K with no screening (top) and with complete suppres-
sion of the zero-frequency contribution (bottom), which
corresponds to the limit of strong screening. The for-
mer is used to compute the total potential U shown in
the upper inset of fig. 3a and also to extract the double-
layer force from the experimental total force shown in
fig. 3b. The third curve in-between represents the zero-
temperature case. The plot shows that the force is indeed
too weak to be measurable in the range L > 400 nm. Nev-
ertheless, it displays some remarkable properties, that
could possibly be tested experimentally by taking larger
spheres. The unscreened Casimir force is dominated by
the zero Matsubara frequency contribution because of
the large value of w(0). There are two consequences:
First, the thermal contribution overwhelms the zero-
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FIG. 4: (Color online) Theoretical Casimir force magni-
tude between two polystyrene microspheres in water versus
distance. We take the experimental values for the radii:
RA = 1.503µm and RB = 7.18µm. From top to bottom:
finite temperature T = 293 K with all Matsubara frequen-
cies ξn n ≥ 0 taken into account, representing the case of
no screening; T = 0; and T = 293 K excluding the zero-
frequency contribution n = 0, representing the situation with
strong screening.
temperature vacuum contribution even at relatively short
distances, of the order of 0.1µm, as clearly shown in
fig. 4. In fact, the force can be approximated by the
high-temperature classical result, proportional to T [60],
at such distances. Second, the magnitude of the force can
in principle be tuned to any value between the top and
bottom curves in fig. 4, corresponding to a variation of at
least one order of magnitude, by selecting a suitable value
for the Debye screening length λD. This can be achieved
by changing the salt concentration of the colloidal sus-
pension. However, since the Casimir and the double-
layer forces are screened in essentially the same way in
this case, it would be hard to experimentally isolate the
former from the total surface force. This is in contrast
to the configuration with mercury micro-droplets to be
discussed in the final part of this letter, in which the
suppression of the zero frequency contribution might ac-
tually lead to a larger force magnitude.
Mercury micro-droplets can be produced with our
setup in a relatively simple way [61]. Because of the
surface tension effect, they are very spherical, with no
surface roughness. In addition, patch effects should be
reduced with respect to the standard case of solid metal-
lic surfaces [62]. We compute the Casimir force between a
mercury droplet of radius RB = 7µm and a polystyrene
bead of radius RA = 2µm inside an aqueous medium.
We take the Smith modification [63] of the Drude model
as detailed in [62] to model the dielectric function of mer-
cury Hg.
The resulting Casimir force values are shown in fig. 5,
again in the two limiting cases of no screening (upper
curves) and strong screening (lower curves). In addition
to the exact results, represented by the solid lines, we
also plot the PFA values as dashed lines. In order to
understand these results, we plot the dielectric functions
of the three materials as an inset. At zero frequency,
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FIG. 5: (Color online) Theoretical Casimir force between a
polystyrene microsphere of radius RA = 2µm and a mercury
droplet of radius RB = 7µm in water versus distance. Same
conventions as in fig. 4, with a positive (negative) sign repre-
senting repulsion (attraction). We also show the PFA results
(dashed lines) for both unscreened and screened cases. Inset:
dielectric functions of mercury, water and polystyrene on the
imaginary frequency axis. For convenience, we indicate the
first positive Matsubara frequency at room temperature by a
vertical dotted line.
the permittivities are ordered so as to lead to a repul-
sive contribution [64], since Hg > w > Ps, whereas all
positive Matsubara frequencies yield attractive contribu-
tions, as illustrated by the first positive Matsubara fre-
quency ξ1 indicated in the inset of fig. 5. The net Casimir
force then results from a delicate balance between these
two opposite contributions (see also [65] for related con-
figurations). Within PFA, they cancel each other at a
distance slightly larger than 0.2µm, where there is a
crossover from repulsion to attraction, as shown by the
upper dashed line in fig. 5. On the other hand, when
considering the full Mie scattering from each sphere, the
zero frequency turns out to be dominant, and the net
Casimir force is repulsive for the whole range of distances
shown in the figure (upper solid line), as long as screening
is negligible. Thus, even the qualitative features of the
Casimir interaction in this configuration are not correctly
described by the PFA.
The delicate balance between the repulsive and attrac-
tive effects is also modified by screening of the zero fre-
quency contribution. The lower curves in fig. 5 corre-
spond to the case of strong screening, with total sup-
pression of the zero frequency contribution, thus leading
to an attractive force. As a consequence, one could tune
the interaction from repulsion to attraction by decreasing
the Debye screening length.
The parameters and orders of magnitude correspond-
ing to fig. 5 indicate that a Casimir force measurement
should be feasible with the polystyrene sphere B replaced
by a mercury droplet of similar size. In an experiment
currently under way, we tune the Debye screening length
to λD ∼ 0.05µm and measure the total interaction force
in the range > 0.2µm. In this case, the Casimir force
can be approximated by the lower solid curve in fig. 5
representing the limit of strong screening, with a magni-
tude similar to the double-layer forces we have measured.
In the regime of strong screening, λD  L, the Casimir
interaction is singled out because the double-layer force
is completely suppressed [31]. Therefore, it is fortunate
that in this limit the Casimir force has a larger magnitude
than in the un-screened one for distances L <∼ 0.3µm, as
illustrated by fig. 5.
In conclusion, optical tweezers are promising tools to
probe the Casimir interaction for geometric aspect ratios
far beyond the validity of the proximity force or Der-
jaguin approximation. In our proposal, the trap stiffness
remains unchanged as we approach the second sphere
along a direction perpendicular to the beam axis. In
fact, since the focal height is kept fixed, so is the effect
of spherical aberration on the optical force field. More-
over, optical reverberation of the trapping laser beam is
negligible since its sub-micrometer spot size is smaller
than the sphere diameter. An important ingredient in
our scheme is the axial alignment procedure, which is
based on calibrating the trapped sphere diffraction pat-
tern with the help of defocusing microscopy.
We have performed fN force measurements in a simpler
scenario than that corresponding to cell biology experi-
ments, allowing us to check experimental procedures by
comparison with relatively simple and accurate theoret-
ical models for the double-layer force. Such comparison
still depends on fitting parameters governing the inter-
action. On the other hand, the Casimir interaction is of
a more universal nature, so that by applying our meth-
ods to Casimir force measurements it would be possible
to perform blind theory-experiment comparisons. This
opens the prospect for the development and tests of new
force measurement strategies at the fN scale based on the
use of optical tweezers, with potential applications in cell
and molecular biology.
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